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Exercise 4

Use Eq. A.5-4 (with v replaced by τ ) to show that, when τki =
∑

j εijkxj ,

2

ˆ
S
n dS =

˛
C
[r× t] dC

where r is the position vector locating a point on C with respect to the origin.

Solution

Replacing v with τ in Eq. A.5-4 (Stokes’s theorem) gives us

¨
S
(n · [∇× τ ]) dS =

˛
C
(t · τ ) dC,

where t is a unit vector tangent to the integration path C and n is a unit vector in the direction
the thumb points when the fingers of the right hand curl in the direction of the path. The fact
that r is the position vector means its components are xi.

r =
3∑

i=1

δixi

The Left-hand Side

¨
S
(n · [∇× τ ]) dS =

¨
S

(
3∑

l=1

δlnl

)
·
[(

3∑
m=1

δm
∂

∂xm

)
×

(
3∑

k=1

3∑
i=1

δkδiτki

)]
dS

=

¨
S

(
3∑

l=1

δlnl

)
·
[

3∑
m=1

3∑
k=1

3∑
i=1

(δm × δk)δi
∂

∂xm
(τki)

]
dS

=

¨
S

(
3∑

l=1

δlnl

)
·

 3∑
m=1

3∑
k=1

3∑
i=1

3∑
p=1

δpεmkpδi
∂

∂xm
(τki)

 dS
=

¨
S

 3∑
l=1

3∑
m=1

3∑
k=1

3∑
i=1

3∑
p=1

(δl · δp)εmkpδinl
∂

∂xm
(τki)

 dS
=

¨
S

 3∑
l=1

3∑
m=1

3∑
k=1

3∑
i=1

3∑
p=1

δlpεmkpδinl
∂

∂xm
(τki)

 dS
=

¨
S

 3∑
m=1

3∑
k=1

3∑
i=1

3∑
p=1

εmkpδinp
∂

∂xm
(τki)

 dS
=

¨
S

 3∑
m=1

3∑
k=1

3∑
i=1

3∑
p=1

εmkpδinp
∂

∂xm

 3∑
j=1

εijkxj

 dS
=

¨
S

 3∑
m=1

3∑
k=1

3∑
i=1

3∑
p=1

3∑
j=1

εijkεmkpδinp
∂xj
∂xm

 dS
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¨
S
(n · [∇× τ ]) dS =

¨
S

 3∑
m=1

3∑
k=1

3∑
i=1

3∑
p=1

3∑
j=1

εijkεpmkδinpδjm

 dS

=

¨
S

 3∑
k=1

3∑
i=1

3∑
p=1

3∑
j=1

εijkεpjkδinp

 dS

=

¨
S

 3∑
i=1

3∑
p=1

(2δip)δinp

 dS
=

¨
S

(
3∑

i=1

2δini

)
dS

=

¨
S
2n dS

= 2

¨
S
n dS

The Right-hand Side

˛
C
[t · τ ] dC =

˛
C

[(
3∑

l=1

δltl

)
·
(

3∑
k=1

3∑
i=1

δkδiτki

)]
dC

=

˛
C

[
3∑

l=1

3∑
k=1

3∑
i=1

(δl · δk)δitlτki

]
dC

=

˛
C

(
3∑

l=1

3∑
k=1

3∑
i=1

δlkδitlτki

)
dC

=

˛
C

(
3∑

k=1

3∑
i=1

δitkτki

)
dC

=

˛
C

 3∑
k=1

3∑
i=1

δitk

 3∑
j=1

εijkxj

 dC
=

˛
C

 3∑
k=1

3∑
i=1

3∑
j=1

δiεijkxjtk

 dC

=

˛
C

 3∑
k=1

3∑
i=1

3∑
j=1

δiεjkixjtk

 dC

=

˛
C
(r× t) dC

Therefore, by Stokes’s theorem,

2

¨
S
n dS =

˛
C
(r× t) dC.
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